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Simultaneous Modeling of Mechanical and Electrical
Response of Smart Composite Structures

Robert P. Thornburgh* and Aditi Chattopadhyay'
Arizona State University, Tempe, Arizona 85287-6106

A smart structural model is developed to determine analytically the response of arbitrary structures with
piezoelectric materials and attached electrical circuitry. The equations of motion are formulated using the coupled
piezoelectric formulations. However, rather than solving for strain and electric field, the proposed model solves for
the strain and electric charge. The equations of motion are simplified for the case of a composite platestructure using
a refined higher-order laminate theory; however, the model is applicable to most structural models. Additional
degrees of freedom are then added to describe any attached electrical circuitry. A method is also presented
for system simplification using the structural mode shapes and natural frequencies. Results are verified using
experimental data for passive electrical shunt damping. The developed model results in a general framework that
can be useful in solving a wide variety of coupled piezoelectric-mechanical problems addressing issues such as
passive electrical damping, self-sensing, and electrical power consumption.

Nomenclature
A = total lead zirconate titanate piezoelectric device
(PZT) in-plane area
A, = electric displacement to total charge relation
B = dielectric permitivity matrix
Cijkt = elastic constants
D;,D = electricdisplacement vector
D, = nodal electric displacement vector
E,,E = electricfield vector
ek = piezoelectric constants
fs.fs = body forces and surface tractions
H = electric enthalpy
h = laminate thickness
kij = dielectric permitivity constants
L, = mechanical displacement operator matrix
L, = displacement to strain operator matrix
N, = interpolation matrix for charge density
N, = interpolation matrix for mechanical displacement
P = piezoelectric coupling matrix
0 = stress-strain relation matrix
q = total PZT charge
r = modal contribution for reduced system
u,v,w = mechanicaldisplacementsalong x, y, z directions
u, = nodal displacement vector
z = location relative to laminate midplane
y = material damping coefficient
&ij, € = strain tensor and engineering strain vector
M = modal damping coefficient
0 = density
0;;,0 = stresstensorand stress vector
(o} = modal matrix
¢ = electric potential
© = open circuit eigenvector
¥, ¥, = rotations of the normals to midplane about
y and x axes
w = natural frequency
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I. Introduction

HE interaction between structural characteristics and associ-

ated electrical circuitry is an often overlooked aspect of smart
structural systems. Piezoelectric actuators are often used to control
the dynamic response of structures; however, the dynamic response
of the structure is modified by the addition of these actuators. The
lead zirconate titanate piezoelectric device (PZT) or other piezo-
electric material adds additional stiffness to the structure, but this
stiffness is dependent on the electrical circuitry attached to each
PZT. This can be easily seen in the simple comparison between
actuators that are open circuited and those that are shorted out. Un-
der structural deflection, potential energy is stored in the PZT in
the form of mechanical strain and also electrical potential similar
to a capacitor. When the PZT has been shorted out by having its
electrodes connected, electrical potential can no longer be stored.
This reduction in the system’s ability to store energy results in a
reductionin the effective stiffness of the system. The magnitude of
this reductionis dependenton the piezoelectricmaterial’s dielectric
permitivity, or capacitance, relative to its piezoelectric properties.
In more practical examples, this coupling is encountered in the in-
teraction between the structural stiffness and the electrical potential
resulting from a combination of mechanical and electrical loading.
When piezoelectric constants are experimentally determined, the
PZT is usually unconstrained. When applied to a structure, the PZT
is no longer able to deform to its unconstrained shape when a volt-
age is applied. This change in the strain field causes a reduction in
the electrical potential stored in the PZT and, thus, a smaller ac-
tuation force than that predicted using an uncoupled theory based
on the unconstrainedpiezoelectricconstants. For this reason, piezo-
electric manufacturers often list both free and clamped, as well as
shorted and open circuited, material properties for PZT. However,
a PZT mounted to a flexible structure is neither free nor clamped,
and so arbitrary use of the manufacturer values can lead to analytic
errors during structural modeling. If the piezoelectric-mechanical
couplingeffects are taken into account, thenitis nolongernecessary
to identify these separate parameters.

A description of the electrical interaction with the structural de-
formation also allows numerous other applications such as mod-
eling of passive electrical damping systems'~® and self-sensing
actuators, as well as analytical determination of power consump-
tion. Hagood and Von Flotow' and Hagood and Crawley® con-
ducted a large amount of work in the areas of passive electrical
damping and self-sensing actuators’ using coupled equations simi-
lar to those used in this work. However, the elegant electrical mod-
els relied on a comparatively simple description of the strain field
in the piezoelectric material, and analytical modeling of specific
structures contained noticeable errors as a result of the approxima-
tions used. Most structural models utilizing piezoelectric actuators
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rely on an uncoupled approach, where the effects of applied voltage
are treated as loads and the electrical equations are not used, as was
done by Crawley® and Detwiler et al.” This precludes their effective
use in solving for the electrical effects on structural response. A
general two-way coupled theory was introduced in the hybrid plate
theory developed by Mitchell and Reddy.! In this model, a mathe-
matical description of the electric potential was assumed and could
be solved for simultaneously with mechanical displacements. This
concept was extended by using a refined higher-order plate theory
and coupled to the thermal field by Chattopadhyay et al.!! The de-
scription of the electrical potential was then improved by using
a third-order function of the through-the-thickness coordinate by
Zhou et al.'? This model allowed for conservation of charge across
the PZT and showed the interaction of bending strains with the
electrical field within the piezoelectric material. The disadvantage
of these models is that additional degrees of freedom are added to
the system to describe the distribution of electrical potential (and,
thus, the electric field) within each PZT. The number of degrees
of freedom increases with the PZT area and level of finite element
mesh refinement. Also, the resulting system of equationsis nolonger
symmetric positive definite, which adds to the computational effort.

Thus, the objective of this research is to develop a model that
can be utilized to solve simultaneously for the response of a system
composed of base structure, piezoelectric materials, and electrical
components.Instead of assuming a descriptionof the electric poten-
tial within the PZT, the model provides an accurate description of
the charge within the PZT by using a constant value for the electric
displacementthroughthe thicknessof the piezoelectricmaterial. For
the case of small PZTs in uniform strain fields, the electric charge
canbe consideredevenly distributedover the surface electrode;thus,
a single degree of freedom, normally electrode charge, is added for
each PZT. This model also results in the voltage being applied as
an external load on the electrical portion of the system. The re-
sulting model has the advantage that it can be applied to any plate
theory such as classical, first order, or higher order, with the addi-
tion of only a single degree of freedom per PZT. Also, the resulting
system of equations is symmetric positive definite, minimizing the
computationaleffort associated with the analysis of smart structural
systems.

II. Mathematical Formulation

A. Equations of Motion

The construction of a model for smart composite laminates starts
with the formulation of the constitutive relations. The potential en-
ergy contained in a piezoelectric medium can be described by a
function called the electric enthalpy density function H. Tradition-
ally this is expressed as a function of the components of strain &;;
and electric field E; as follows:

_ 1. 1
H(eij, E;) = Cijki€ij€kl — ejEiej — Ekzj

EE, (1)

This potential function leads to the familiar equations

0H(¢;;, E;)
Ojj = Tu = Cijki€kl — €ijk E, 2)
0H(¢;;, E;)
D; =_—j=e[jk5jk +k[jEj (3)
oE;

where o;; and D; are the componentsof the mechanicalstressand the
electrical displacement,respectively. Note that the elastic constants
used are the zero electric field values (PZT is shorted out) and that
the dielectric permitivities are the zero strain values (clamped). In
matrix form, these equations can be written as follows:

o=0e—-PE 4)
D=P'ec+BE 5)

Equation (2) is oftenreferredto as the converseeffect,and Eq. (3)
is known as the direct effect. These equations are traditionally used
due to the ease with which piezoelectric materials can be modeled
as either actuators or sensors. The electric field, a function of the
electrical potential ¢, is defined as

39

E = —
0X;

(6)

Most formulations make the assumption, based on the geometry
of thin, electroded piezoelectrics, that the electric field is constant
through the thickness of the material and zero within the plane of
the piezoelectric. This in turn specifies that the electric field can be
simply expressed as

Ey = —(V/ty0) o

where V is the difference in voltage across the upper and lower
electrodes and 7, is the thickness of the piezoelectric material.
The piezoelectric material can be used as an actuator by the use of
Eq. (2) with the applied voltage creating a known stress or force on
the structure. Sensors can be modeled using Eq. (3) and the strain
in the deformed structure to create an output voltage. This type of
technique, where the equations are solved sequentially,is an uncou-
pled approach, and it does not take into account the full interaction
between the strain field and the electric field. A coupled approach
like that used by Hagood and Von Flotow! as well as Mitchell and
Reddy!? is to solve Egs. (2) and (3) simultaneously, thus ensuring
that both equations are satisfied. Note, however, that if the strain
is not constant through the thickness of the piezoelectric material,
such as in the case of bending or transverse shear, then this method
results in electric displacement varying through the thickness. This
also implies differing amounts of charge on the upper and lower
electrodes, which is a violation of the conservation of charge. This
has been resolved by making the electric potential, and in turn the
electric field, higher-order functions of the through-the-thicknes
coordinate to match the displacement and strain fields in the struc-
ture. However, such an approach leads to additional degrees of free-
dom to describe the electric potential. Another drawback is that the
resulting system matrices in finite element implementation are not
symmetric. This results in a sizable increase in the computational
effort required to solve the system of equations.

To address these issues, a different approach is used in the cur-
rent work. Equations (4) and (5) are reformulated in terms of the
mechanical strain and the electric displacementas follows:

o =(Q+PB'P")s — (PB™"D ®)
E=—-B"'PHe+B'D )

In this formulation, the increase in stiffness caused by open circuit-
ing the piezoelectric (D = 0) can easily be seen, and @ + PB~'P”
represents the open circuit stiffness. When this formulationis used,
the electric displacement D can be taken as constant through the
thickness of the PZT, thus ensuring conservationof charge on each
of the electrodes. If the PZT is assumed to have its entire upper and
lower surfaces covered by electrodes, then the electric displacement
is constant through the thickness of the PZT. If the PZT is relatively
small compared to the base structure, which is often the case in
practical applications, and the strain over the surface of the PZT is
relatively uniform, then the electrical displacement can be assumed
to be constantacross the entire PZT, meaning that the surface charge
is uniformly distributed. In that case, only one unknown per PZT is
added to the system of equations. For structures with larger PZTs,
larger strain gradients, or when greater accuracy is desired, the elec-
trical displacement can be discretized using a finite element mesh.
Another advantage of this formulation is that applied voltage now
appears as an applied electrical load, similar to an applied mechan-
ical traction. The electric enthalpy expressed in terms of strain and
electric displacement now takes the form

H(e,D) = 17 (Q + PB'P")e —¢"PB'D+ ID"B-'D (10)

The equations of motion can be formed using a variational ap-
proach and Hamilton’s principle similar to that by Tiersten.!* The
variation principle from time £, to ¢ for the piezoelectric body, V,
can be written as follows:

t 1 t
an:o://[a(;mﬂu — 8H(e, D) dth+/ SW dr
1YV [}

an
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where the firstterm representsthe kineticenergy, the second term the
electricenthalpy,and §W is the total virtual work done on the struc-
ture. The term u is the mechanical displacement. The work done by
bodyforces f, surfacetractions fg and electricalpotential ¢ applied
to the surface of the piezoelectric material can be expressed by

6W=/6quB dV+/6qust+/6DT¢dS (12)
\%4

N N

Equations (10-12) provide the equations of motion for the piezo-
electricbody. To solve them, assumptions must be made concerning
the nature of the mechanical strain and the electrical displacement.

B. Finite Element Formulation

Assumptions are made that the piezoelectric material is oriented
with its polarizationaxis normal to the plane of the plate and that the
PZT has electrodes covering its upper and lower surfaces. This is
the usual geometry for transverselyoperating piezoelectricactuators
and sensors bonded to or embeddedin plate structures. For this case,
the electric displacement becomes

Dl =D2 =0 (133)
and for small PZTs
g g
= — X — 13b
=a v (13b)

where ¢ is the amount of positive charge on the lower electrode and
A is the surface area of the PZT electrode. For the case of small
PZTs, Eq. (11) is reduced to

0
t
1
// [6<5puTu>—SeT(Q—i—PB“PT)s—i—SeTPB“ 0
10 VL 1

NS

+/ {/aquB dV+/6qust+6q¢}dt=0 (14)
10 14 S

If the assumption of uniform charge distribution over the surface
of the PZT is not considered valid, due to the presence of a large
strain gradientacross the PZT, or if greater accuracy is desired, then
the electric displacement can be discretized using a finite element
mesh. The electric displacement then becomes

g a_q
a_A_N”(x’y)<aA>e (15)

where (dg/0A), is the nodal electrical displacementand N, (x, y) is
the interpolation matrix. Equation (11) now becomes

// [6(lpuTu>—63T(Q+PB_1PT)£
10 VL 2

0

T
dq dq
se’PB {0y N, | — s[=) ~n" 40
toe | ‘*(aA)e+ (aA)e 1,

+/ {/aqude+/aqust+3q¢}dt=0 (16)
10 14 S

y h

X

Fig.1 Plate geometry and coordinate system.

A refined higher-order laminate theory developed by Reddy!'*!*
is used to model the mechanical displacement field. The body is
assumed to be a plate structure composed of an arbitrary number
of orthotropic lamina arranged with varying orientations. The co-
ordinate system for the plate is taken to be with the x-y plane
parallel to the plane of the plate and the z coordinate normal to the
plane of the plate measured from the center of thickness (Fig. 1).
The refined higher-ordertheory assumes a parabolic distribution of
transverse shear strain, thus providing accurate estimation of trans-
verse shear stresses for moderately thick constructions with little
increase in computational effort. The theory starts with a general
third-order displacement field and is simplified by imposing the
stress free boundary conditions on the free surfaces. Because the
laminate is orthotropic, this implies that the transverse shear strains
are zero. The refined displacement field now takes the following

form:
dw 473
= - — 17
u, u + Z(w,\' ax ) 3]’12 w,\' ( a)
vy dw 473 " (17b)
U, =v y L) T 555 Vy
2 AT ) T
Uus; =w (170)

where u, v, and w are the displacements of the midplane and v,
and v, are the rotations of the normal at z =0 about the —y and
—x axes, respectively.Note thatu, v, w, ¥, and v, are all functions
ofthe x and y coordinatesonly. The variable z representsthe location
with respect to the midplane of the plate, and # is the total plate
thickness.

When the preceding equations are used, the equations of motion
can be simplified by the reduction of the mechanical displacements
and strains to the variables u, v, w, V¥, and v,. The displacement
vectoru and the strain vector & can be written using a finite element
formulation as follows:

u=>L,u,, e =L.u, (18)
where
u, = N,(x, y)u, (19)

with u, the displacement field vector, u, the nodal displacement
vector, and N, (x, ¥) an interpolation matrix.

When itis assumedthatthe smart structurecontainsn small PZTs,
the equations of motion become

t
/ / [su! NTLT pL,N,ii,
nYyVv

+8u’N'LT (Q + PB~'P")L.N,u,]dV dt

T

i=1

0 0

TarT 1T pp—1 qi g
+Z// —~oulN/LTPB™' 101 2 — =L 10
10 VL 1 i i 1

8q; [—| ’
x B 'PTLN,u, + —IL| qv qr = SulNyLifsdV
b33A'2 10 \%4

+ / SulNTLIfsdS+ ) Sq[qﬁ[} dr (20)
N

i=1
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Note that only n degrees of freedom are added to the system, re-
gardless of the discretization of the mechanical displacements. In-
tegrating over the volume yields gives the governing equations for
the coupled theory:

t
SHu=6u€T/ (~M,it, — K,u, — K, ,q+F,)d=0 (21a)
10

t
sn,,:qu/ (—Kytt, —Kpyq+F)di=0  (21b)
10

where ¢ is the vector of the PZT charges, M, is the structural mass
matrix, and C, is the structural damping matrix. The matrix K, is
the mechanicalsstiffness matrix, K, is the electrical stiffness matrix,
and K,, and K, are the stiffness matrices due to piezoelectric-
mechanical coupling. The vectors F,, and F, are the force vectors
due to mechanical and electrical loading. These terms are further
defined in the Appendix. To incorporate structural damping into the
equations, a structural damping matrix C, is added. The nature of
the damping matrix can be chosen to meet the needs of the user. The
governing equations can be written in matrix form as follows:

o s - E-E

If the electric displacement has been discretized, then the equa-
tions of motion become

0
n t
g,
> {—aujNuTLSTPB—‘ opn, (L
: L oA
i=1710 YV 1 e
0
T
aq[ T
—s( L 0
N B
T
1 (g, 84,
+—s( L) NN, (L) [avar
by \0A) "1V \54 )

t
+ / / [suNTL! pL,N,ii,
nYyv

+8u’N'LT(Q + PB~'P")L.N,u,]dV dr

t
=/ {/(SuZNMTLMTfB dv+/3ujNuTLqus ds
10 14 N

n T
+ Z/;s(%) NT¢, dS}dt (23)

i=1

B 'P"L.N,u,

Integrating over the volume yields the governing equations for
the coupled theory, which can be written in matrix form as follows:

5 O I

where D is the vector of the PZT nodal electrical displacements.
The stiffness matrices are further defined in the Appendix.

C. Electrical Equations

The absence of any electrical inertiaor damping terms in Egs. (22)
and (24) is a result of only considering the mechanical aspects of
the smart structure. When considering a smart structure as a whole,
additional terms must be added for electrical components in the

system. Fora simple LRC circuit, the variationalenergy mustinclude
the following:

STI, = 5(1L4?) — 8qRG — 5[(1/2C)g*1 + Vg (25)

where L, R, and C are the inductance, resistance, and capaci-
tance and V is the applied voltage. The importance of formulating
Hamilton’s principlein terms of the charge, rather than electric field
or potential, now becomes apparent. If the equations of motion for
any electrical system attached to the smart structure can be formu-
lated in the form

Mg, +Cyq. +K,q. = F, (26)

then these equations can be directly combined with Eq. (22). This
combinationresults in a completely coupled electrical-mechanical
system of the form

ol s el e =)
0 M, ||4. 0 C,|la K. K. |lg.) |F,
27

where ¢, includes not only the charge associated with the PZTs, but
also the electrical system. Matrix K7~ also includes the electrical
stiffness components of both the PZTs and the electrical system.
If the electric displacement was discretized, then it is necessary to
use the following relation between the electric displacementand the
total PZT charge:

q; = (/Nq dS)D;e or q=A,D, (28)
s

When Egs. (24) and (26) are combined, the resulting coupled
electrical-mechanical system equations are obtained:

Mu 0 { ﬁe } Cu 0 { ue }
I .
0 A'maA, | |D. 0 A’cA, | |D.

n K,, K.p u, _ F, (29)
Kp, Kpp+A’KA, | |D.] ~ |Fo

Equations (27) and (29) provide the means to solve a variety of
coupled piezoelectric-mechanical problems. The eigenvalues and
eigenvectors can be determined to compute the natural frequencies
and mode shapes of the system. The complex linear problem can be
solved to determine the forced response of the system to a harmonic
excitation. Systems with nonlinear components can be solved by
using a time integrationscheme, such as a fourth-orderRunge-Kutta
method. Thus, the system response for structures with semipassive
damping using diodes for continuous switching of the PZTs, as pro-
posedby Richardet al.,'® can be modeled. Anotheradvantageof this
model is that the integration of the structural finite element model
and electrical components allows for design of passive damping
circuits for complicated structures using multivariable optimization
methods. This technique would allow determination of optimum
PZT location, orientation, and the electrical component values for
single- or multimode damping of the structure.

D. System Reduction

Often it is desired to reduce a system using the mode shapes
rather than work with the full finite element model. This drastically
reducesthe numberof degreesof freedom and allows for much faster
computationsonce the eigensystemis solved for. This is often done
in structural mechanics because the necessary assumption that the
modal matrix & uncouples the damping matrix C is usually valid
for structural damping. That is,

(DTC(D = dlag[pbl Mo et Mm] (30)

However, this assumption cannot be made for most electrical sys-
tems that would be connected to the PZTs. Therefore, in general,
the coupled electrical-mechanical system of Eq. (27) could not be
reduced in its entirety using a few of its mode shapes.
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The system can be partially reduced using the structural mode
shapes if the assumption is made that the mode shapes for the ac-
tual coupled system can be expressed in terms of the open circuit
mode shapes. This assumptionis generally very reasonablebecause
changes in the elastic stiffness of PZTs due to open circuiting or
short circuiting cause only modest shifts in natural frequency and
very small alterations in the mode shapes. The structural stiffness
added by the PZTs is generally small compared to the stiffness of
the base structure,and the difference between open circuit and short
circuit stiffness is only around 20%. This combined with the fact
that PZTs usually only cover a fraction of the structural surface
means that the differences in mode shapes between the open cir-
cuited conditionand the actual structure will be generally small and
localized.

First, the coupled system is reduced so that the open circuiteigen-
value problem can be solved for the desired number of eigenvalues:

K..¢o = O)ECMMQD 3D

Then, by use of Eq. (30) and

cDTKuu(D = diag[a)zcl 0)362 e a)gfm] (32)
o’'M®=1, (33)

the coupled system of Eq. (33) can be reduced to

I, 0 F N diag[un,] O F
0 M,] |q. 0 C, | 4q.

diaglo} ] @'K,, {r} {QTFu} (34)
K, K;, q. F,
where
r==o 'u, (35)

Now the problem has been reduced to a small system composed of
only the electrical degrees of freedom and the chosen number of
mode shapes.

III. Results

The model is verified by analysis of a structure with passive
shuntdamping. A cantilevered plate with shunt damping studied by
Hagood and Von Flotow! is used. The aluminum plate seen in Fig. 2
has two pairs of PZTs mounted on the upper and lower surfaces.One
pair is actuated in opposite directions to drive the vibration of the

Table1 Material properties for cantilevered plate

Material property Aluminum PZT
E, GPa 73.0 63.0
v 0.33 0.3*
0, kg/m3 28007 7750
dy;, m/V n/a 180 x 10712
€3, F/m n/a 9.22x107°
4 Assumed values.
29.30 cm
A& 246 mm
6.20 cm 2.15cm S5cm
\I/
P P

plate, and the other is connected to an inductor and resistor in series.
The material properties of the plate and PZTs are listed in Table 1.
This model is chosen for verification because the electrical system
is relatively simple, but more important because of the availability
of experimental data available in the literature.

The cantilevered plate was modeled with a 28 x 3 finite element
mesh. The higher-orderlaminate theory results in 8 degrees of free-
dom per node and 928 degrees of freedom total. The charge across
the four PZT patches was described by four additional degrees of
freedom. The open circuit mass matrix M, and stiffness matrix K,,,,
are used to solve for the first 12 open circuit modes with a LAPACK
generalizedeigensolver. The system is then reduced using Eq. (34)
todeterminethe frequencyresponse. The electrical equations for the
each circuitare now added directly to the resulting set of equations.
To create the damping matrix, 1% damping was assumed for each
mode.

The model is first analyzed using an untuned shunt circuit con-
taining only a resistor and no inductor. The increase in the damping
coefficient & for the first bending mode is then calculated for a va-
riety of resistance values. These results are shown in Fig. 3 against
the nondimensional resistance. The nondimensional resistance is
the ratio of the actual resistance to the optimum value of 28.68 k2
predictedby Hagood and Von Flotow.! The results show good corre-
lation with the publishedexperimental values. Because the structural
damping of the beam with the PZTs shorted out was only 0.16%,
the untuned shunt damping circuit can be seen to roughly quadruple
the damping of the structural system.

The plate is then modeled with a tuned shunt damping circuit. The
inductor used has the optimum value of 148.2 H predicted by the
literature.! It is connected in series with a resistor having a varying
amount of resistance. Figure 4 shows the first bending mode fre-
quency response for the plate with three conditions for the shunted
PZTs: open circuited, shorted out, and optimally damped using the
values of Hagood and Von Flowtow.! The results clearly show the
reductionin natural frequency caused by shorting out the PZT. Also
Fig. 4 shows how efficient the tuned damping circuitcan be at damp-
ing out a particular mode of vibration. The frequency response for

0.007

0.006 4 A Experimental (Hagood)
I —Present model

0.005

o
o
S
=

Added damping ,&
°
b=
5

0.002

0.001

0.1 1 10
Non-dimensional shunting resistance

Fig. 3 Added damping to first mode of the cantilevered plate for
untuned resistance shunting.

Cantilevered aluminum plate

3.17 mm thick 2.55 em

/ 7 cm :/! \ \

Strain gauge

Shunted piezoceramic pair
0.25 mm thick on top and bottom

Driving piezoceramic pair
0.25 mm thick on top and bottom

Fig.2 Top view of cantilevered plate with driving and shunted piezoceramic pairs.
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1.00E-03 4

1.00E-04

Strain (in/in)

1.00E-05

1.00E-06

25 27 29 31 33 35 37
Frequency (Hz)

39 41

Fig. 4 Analytical strain for first mode actuation of cantilevered plate
with shunted piezoceramic pair open, shunted, and optimally tuned and
damped.

1.00E-02
—— (1) Reinfinite
— (2) R=48290
M (3) R=16900
(4) R=9055
1.00E-03 — (5) R=6640 (optimum) i
—— (6) R=3924
z
g
< 1.00E-04
m
=
wn

1.00E-05 ===

1.00E-06

25 27 29 31 33 35 37 39 41
Frequency (Hz)

Fig. 5 Analytical strain for first mode actuation of cantilevered plate
with tuned shunt circuit and varying resistance.

50

45

40

35

30

25

xrx a8}

20

Frequency {Hz)

Fig. 6 Hagood and Von Flotow’s experimental results! for first mode
actuation of cantilevered plate with tuned shunt circuit and varying
resistance.

the first mode is also shown in Fig. 5 for varying resistance. When
the resistance is infinitely large, the system behaves as in open case.
As resistance decreases, the damping increases, flattening the sys-
tem response. As resistance decreases below the optimum value of
6640 €2, the system begins to develop two separate peaks. These
results show fair correlation with the experimental data of Hagood
and Von Flotow! presentedin Fig. 6; however, there are still notice-
able differences. This is most likely the result of inaccuracy in the
predicted natural frequency of the current theory. The finite element

1.0E-02
IO (1) rinfinite
il e (2) 1248290
I (3) r=16900
| <o (4) r=9055
— (5} =6640 (optimum})
< 1.0E-03 + e (B) 1=3024 |
=
K
5
0
-
@
@
8 1.0E-04
1.0E-05 : : : ! : : : :
25 27 29 31 33 35 37 39 41 43 45

Frequency (Hz)

Fig.7 Strainfor first mode actuation of the modified cantilevered plate
with tuned shunt circuit and varying resistance.

model predicts an open circuit natural frequency of 34.136 Hz as
opposedto the measured natural frequency of 33.77 Hz. This is most
likely caused by a combination of the finite element discretization,
difference between the assumed material properties and the actual
properties, and that electric displacement is assumed constant over
the PZTs. When the finite element model is modified using lower
stiffnesses to match closely the experimental value of natural fre-
quency, the frequency responses are almost identical to the experi-
mental results of Hagood and Von Flotow,' as shown in Fig. 7.

Next the multimode damping technique of Wu® is used on the
same cantilevered aluminum plate. When a single mode is damped,
an inductor and a resistor in parallel are connected to the shunted
PZTs. This leads to electrical equations of the form

s [ O TR S H

where L and R are theinductanceand resistance,respectively.These
are then added to the structural finite element equations. The val-
ues of the inductance and resistance, determined using the method
proposed by Wu,® are 199.4 H/113.7 k<2, 8.888 H/27.66 k<2, and
1.188 H/16.38 k<2 for bending modes 1, 2, and 3, respectively. The
tip deflection as a function of frequency for the plate with mode 2
damped is plotted in Fig. 8 with that of the shorted plate. Next,
modes 1 and 2 are damped with the circuit shown in Fig. 9. The
values of L), and C are chosen such that L),C, = 1/w? and are as-
sumed to be 22.516 H and 1.00 uF, respectively. The values of R
and L}, calculatedusing the multimode theory of Wu,°® are 36.54 kQ
and 9.862 H, respectively. This leads to the electrical equations
given by

[0 00 0 0—| [Rl “R, R 0 o—|
100 0 0 0| |-R R+R R 0 -RY|
|00 Li 0 0G+|-R R Ri 00 g
o0 0L, 0] |o 0 0 0 0 |
Lo 00 0 LI;J Lo “R 0 0 RgJ
0o 0 0 0 0 0
0 1/C, 0 —1/C; 0 0
{0 0 0 0 0lg=10 (37)
[0 —1/C, 0 1/C, 0] 0
Lo 0 0 0 oJ 0

Theresulting frequencyresponseis shown in Fig. 10. This technique
can be seen to result in a decrease in maximum tip deflection of
over one order of magnitude. This versatile technique can also be
extended to as many modes as one wishes to damp out.

Finally, a comparison is made between the open circuited and
short circuited mode shapes. As already discussed, the system can
be reduced using its open circuited eigenvectors. However, it is
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Fig. 8 Frequency response for aluminum plate with mode 2 damped.
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Fig. 10 Frequency response for aluminum plate with modes 1 and 2
damped.

desirable to estimate the nature of any resulting errors when this
technique is applied to an electrical system where the short circuit
mode shapes are more appropriate. Because the open and shorted
eigenvectors are both normalized to the same mass matrix, the dif-
ference between the two can be directly calculated. Then to com-
pare the deviation, the norm of the difference can be compared to
the norm of the original eigenvector. The ratio of the 2-norms of the
differenceto the open circuitmode shape is found to be 1.79 x 1072,
4.53 x 1073, and 2.73 x 107> for the first three bending modes of
the cantilevered aluminum plate used earlier. These very small dif-
ferences are negligible when compared to the changes in natural
frequency, which are on the order of 1%. Thus, the technique for us-
ing open circuit mode shapes for system reduction will likely yield
good results in most practical problems.

IV. Conclusions
A smart structural model was developed that is capable of si-
multaneously modeling the electrical and mechanical response of
arbitrary structures with piezoelectric materials and attached elec-
trical circuitry. The equations of motion were formulated using the

coupledpiezoelectricequations, but the solution solves for the strain
and electric charge, as opposed to strain and electric field used in
most formulations. A method was also presented for system sim-
plification using mode shapes and natural frequencies of the open
circuit structural system. Application of the model was shown for a
cantilever plate with passive electrical shunt damping with several
electrical circuits, including a multiple mode damping circuit, with
good correlation to experimental data. The developed model results
has the following advantages over other models:

1) The framework for this model is general and can be applied to
classical, higher-order, and layerwise plate and shell theories.

2) Electrical charge is inherently conserved across piezoelectric
elements resulting in more accurate solutions.

3) Piezoelectric charge can be modeled with only one additional
degree of freedom per PZT or meshed across a PZT to capture the
effects of stress gradients.

4) Simultaneous solutions of both structural and electrical com-
ponents allow modeling of a wide variety of coupled piezoelectric-
mechanical problems such as passive electrical damping, self-
sensing, and electrical power consumption.

Appendix: Definitions

The following are the definitions for the matrices in Egs. (22) and
(24):

h/2
M, = / / N!L! pL,N,dzdA (A1)
Ae —h/2
h/2
K, = / / NILT(Q +PB™'P")L,N,dzdA (A2)
AeY —h )2
e |
: 1
K., = —/ / N'LTPB;' {0 —dzdA, ...,
L AcdzL 1 !
Ny
- / / N'LTP,B;' {0 —dzdA (A3)
zL Am
. : |
where m is the number of PZTs. Also,
K. =K, (Ad)
! 0
(b33)1A1
K, = S ce. (A5)
1

L 0

(b33 )m Am

0
ug
K, = | —/ / NILTP,B;' {0 ¢ (N,),dzd4, ...,
L Ae¥ zLy 1
0 |
- / / N'L'P,B,' 10 ¢ (N,), dzdA (A6)
Ae¥Y zLm 1 J
KDM = KZ‘D (A7)
Kpp =
/ ! (NT) (N, dA - 0
A, (b33)1 @/
0 / ;(NT) (N,)n dA
L Ae (b33)m @7 m 1 J
(A8)
h/2
Fu=// N{LqudedA+/ N'LT fsdA (A9)
AV —h/2 Ae
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F, = Pl—' (A10)
4. ]

f (N,]T)1¢1 dA
A

e

Fp= : (A11)
[t
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